By a canonical transformation on the Dirac Hamiltonian for a free particle, a representation of the Dirac theory is obtained in which positive and negative energy states are separately represented by two-component wave functions. Playing an important role in the new representation are new operators for position and spin of the particle which are physically distinct from these operators in the spin~, one finds that it is these new operators rather than the conventional ones which pass over into the position and spin operators in the Pauli theory in the non-relativistic limit.
By a canonical transformation on the Dirac Hamiltonian for a free particle, a representation of the Dirac theory is obtained in which positive and negative energy states are separately represented by two-component wave functions. Playing an important role in the new representation are new operators for position and spin of the particle which are physically distinct from these operators in the conventional representation. The components of the time derivative of the new position operator all commute and have for eigenvalues all values between -c and c. The new spin operator is a constant of the motion unlike the spin operator in the conventional representation. By a comparison of the new Hamiltonian with the non-relativistic Pauli-Hamiltonian for particles of spin~, one finds that it is these new operators rather than the conventional ones which pass over into the position and spin operators in the Pauli theory in the non-relativistic limit.
The transformation of the new representation is also made in the case of interaction of the particle with an external electromagnetic field. In this way the proper non-relativistic Hamiltonian (essentially the Pauli-Hamiltonian) is obtained in the nonrelativistic limit. The same methods may be applied to a Dirac 
where p is the momentum operator for the particle, e and P are the well known Dirac matrices (assumed here to be in their usual representation with P diagonal), and units have been used in which h and c are unity. (26)) related to the spin operator for the particle. Except in certain trivial cases, for a given sign of the energy at least three of the components of N(p) are difI'erent from zero. However, two of the four components go to zero as the momentum goes to zero, while at least one of the other two components remains finite.
In the above representation, for positive-energy eigenfunctions, the last two (or lower) components vanish with vanishing momentum, while for negative-energy * Supported by the AEC and the ONR. @=I+X, C = (1+P/2)4', X= (1 -P/2)%', but the spinors 4 and X do not represent states of definite energy in the above representation.
In the non-relativistic limit, where the momentum of the particle is small compared to m, it is well known that a Dirac particle (that is, one with spin -. ', ) can be described by a two-component wave function in the Pauli theory. The usual method of demonstrating that the Dirac theory goes into the Pauli theory in this limit makes use of the fact noted above that two of the four Dirac-function components become small when the momentum is small. One then writes out the equations satisded by the four components and solves, approximately, two of the equations for the small cornponents. By substituting these solutions in the remaining two equations, one obtains a pair of equations for the large components which are essentially the Pauli spin equations. '
The above method of demonstrating the equivalence of the Dirac and Pauli theories encounters difhculties, however, when one wishes to go beyond the lowest order approximation. One then 6nds that the "Hamiltonian" associated with the large components is no longer Hermitian in the presence of external fields because of the appearance of an "imaginary electric moment" for the particle. Furthermore whose s component is a constant of the motion. In the non-relativistic limit, the operator X is the one which is interpreted as the spin operator in the Pauli theory.
(4) From a study of the transformation to the new representation further insight can be obtained into the question of why the Dirac particle has a magnetic moment and why it appears to show a behavior characteristic of a particle with 6nite extension of the order of its Compton wave-length. (5) In the presence of interaction, such as with an external electromagnetic Geld, one can still make a transformation which leads to a representation involving two-component wave functions. The transformation, which previously could be made exactly, must now be made by an in6nite sequence of transformations which process leads to a Hamiltonian which is an in6nite series in powers of (1/m), where m is the mass of the particle. This series is presumably semi-convergent in the sense that for given external 6elds, a 6nite number of terms of the series is a better-and-better approximation to the exact Hamiltonian, the larger the value of m. For strong interactions which strongly couple free-particle states of positive and negative energy, this representation is of little value; however, for sufticiently weak interactions, a 6nite number of terms of the series may be employed to obtain relativistic corrections to any order in (1/m). In this way one can obtain the proper non-relativistic limit for the Hamiltonian representing a Dirac particle interacting with any type of external Geld.
0" -e.s@ H'= e'zHe 's ie'z(8e 'z/Bt), -(3) (4) 3 An odd operator in the Dirac theory is a Dirac matrix which has only matrix elements connecting upper and lower components of the wave function, while an even operator is one having no such matrix elements. Of the sixteen linearly independent matrices in the Dirac theory, the matrices 1, p, +=1/2iI e)Cej and pe are even, while the matrices e, pe, y'= -ia'n'a' and pg are odd.
The product of two even matrices or of two odd matrices is an even matrix, while the product of an odd matrix and an even matrix is an odd matrix. The matrix p commutes with all even matrices and anticommutes with all odd matrices in the Dirac theory. This last fact allows one to write any matrix as the sum of an odd and an even matrix in a simple way, namely:
where the first term on the right is the even part of the matrix and the second term is the odd part of the matrix~. O'=C'+X', C'= (1+P/2)e', X'= (1 -P/2)4', reduces Eq. (5) to the two uncoupled equa, tions: 1+ u(y') exp(ip' x')dp'= 4', (17)
x')dp'=X', (18) E" 0 (x) = )I u(y') exp(iy'x')dp'= ++(x)++ (x), (13) 4A function T(p) of the operator p is to be interpreted {in the coordinate representation) as dined by its Taylor expansion in powers of (p-pf»), where po is any constant vector {c number), wherever the expansion converges, and by the analytic continuation of this series elsewhere; or, alternatively, by its integraloperator representation:
T{p) 4'{x) = 2~T {p') exppip'-{x -x') ge{x')dp'dx'. E(x, x') = (2s)' " E"+m The key to understanding this rather unusual statement lies in the fact that in the new representation, the operator-representative for the position of the particle is no longer the operator x, but the rather complicated operator: but to this is added a second term representing a rapidly oscillating motion ("Zitterhewegung") which ensures that a measurement of the instantaneous value of any velocity component shall yield the velocity of light.
Our results above show that a corresponding division of the position operator for the particle is also possible, the first part X (in the old representation) representing a sort of mean position of the particle, and the second part X -x, oscillating rapidly about zero with an amplitude of the order of the Compton wave-length of the particle. While in the old representation the position operator x played the dominant role, in the new representation it is the position operator X', which we shall call the meun posil-ion operator, ' which plays the dominant role. Also, as mill become obvious later when we consider the interaction of the particle with an external field, it is the meun position-operator which is identified with the position operator in the non-relativistic Pauli theory.
The modification in the interpretation of operators involved in our transformation does not end here, however, but new angular momentum operators also appear. In the old representation, the orbital angular momentum of the particle whose operator-representative is [xXp] as the meae-Orbital angular momentum and mean spin angular momentum, respectively, of the particle. It is again these variables which are conventionally identified with the orbital angular momentum and the spin angular momentum of the particle in the non-relativistic Pauli theory. For convenience, we have listed in Table I to positive energies show a behavior of the particle appropriate to a particle of positive mass, ' in that the particle tends to be localized in regions of low potential energy; while the negativeenergy solutions show a behavior of the particle appropriate to a particle of negative mass, in that the particle tends to be localized in regions of high potential energy.
Either of the two descriptions of the behavior of the particle in a weak field given above is of course correct, although the distinction between what are called positive-and negative-energy states is diferent in the two descriptions. However, the question of terminology for positive-and negative-energy states being left to our own choice, we are free to choose our definitions in such a way as to give the more graphic (and perhaps more It is assumed that the constant in the energy is chosen so that zero energy occurs approximately midway in the energy gap between the two sets of states.
' It is perhaps better to classify the states as states of positive or negative mass rather than energy, since the addition of a constant to the energy (by adding a constant to q, for example) may upset energy classification but not the mass classification.
intuitively satisfying) description of the actual physical events which are being described. In this spirit we feel that the second description is to be preferred since it has a perfectly reasonable classical limit. It mould be dificult indeed to picture classically the motion of a particle in a weak field in terms of transitions between free-particle motions with positive and negative mass.
Consider now what happens when the particle interacts with strong rather than weak fields. Under such circumstances, the division of states into those of positive and negative mass is no longer clear-cut, since the energy, separation of the two sets of states is reduced to a relatively small amount. Furthermore, the wave functions describing these states no longer appropriately describe the motion of a particle of fixed sign of mass according to our customary notions. In fact, if we try to interpret the wave function in these terms, we encounter certain well-known paradoxes - with the electromagnetic 6eld. The presence of the terms corresponding to the interaction of the anomalous magnetic moment of the particle with the magnetic Geld and the spin-orbit interaction is evident. The term proportional to divK is a well-known correction" to the Pauli theory arising from the Dirac theory, and it is responsible for a relativistic shift of the 5 levels in the hydrogen atom (not to be confused with the LambRetherford line shift). The reason for the explicit appearance of these additional interaction terms (as well as further terms of higher order in 1/m) in the new representation can now be understood in the light of our physical interpretation of the transformation to the new representation. In the old representation the Dirac particle interacted with the electromagnetic 6eld only at its position. However, a particle which in the old representation was located at a point is in the new representation spread out over a region of dimensions of the order of a Compton wavelength in the space of its mean-position variable, X'=x.
But in the new representation the interaction between the particle and the electromagnetic 6eld is expressed in terms of the values of the electromagnetic-Geld quantities at its mean position Hence, one-must e.xpect a series of correction terms of the nature of a multipole " C. G. Darwin, Proc. Roy. Soc. 118A, 654 (1928 
